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Ramanujan Explained

THE -BINOMIAL THEOREMq

Lecture 2

Chapter 3

The q-binomial theorem

Summary. Entry 16.2 is the famous q-binomial theorem due to Cauchy.

Ramanujan’s proof of the q-Binomial Theorem

Recall Entry 16.1(i) (equation (2.1)) where we took the limit as q ! 1 of the ratio of
products

(a; q)1
(aqx; q)1

The (so far, conjectured) limit (1�a)x is related to the Binomial Theorem, so it seems
useful to study a ratio of such products. Such an examination leads to the q-analog of
the Binomial Theorem, and settles (2.1) in the bargain.

Entry 16.2 ([15]) Let |q| < 1 and |a| < 1. Then

(�b; q)1
(a; q)1

=
1X

k=0

(�b/a; q)k
(q; q)k

ak. (3.1)

Proof. More generally, consider:

F (a, b, z) :=
1Y

k=0

1� bzqk

1� azqk
=

(bz; q)1
(az; q)1

= a0 + a1z + a2z
2 + · · · .

Then it is evident that

(1� az)F (a, b, z) = (1� bz)F (a, b, zq).
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irotation :

q-using factorial Ramanujan's #16 . 1(i) If wa replace z bjz(1 - 9)
&

(a ; 2) : = 1 ab = (-a)
* Eg(z(i-a) =

( -a)

(ai9)k : = (ra)(1 - aq) - - (1 -aqk -1 k = 1 (9 ; 9)
- 3.

k-tems lak1
,

the RHS cande expanded ming Um him zk(1 -q)k
1 --

- (1 -a)
the base" the binomial there se, (e) (1 -2)(1- 97 -. (1-gi

dj=
b

- as a
FPg( in E 6.hir Can =

Lin
(-2)(1-gat) ... Cat a = (h Fate(a : 1)0 : = Cl-agig -

ge
(i ( -a) - -

- (1 -2)
or analytic function

= a(c+1) ... (a + k -1) Eclay- Guns
-

.
I
.EachYoaas a function of g ,

For fixed zE4, Cabre - rising factorial We say Eq) is a g-analogue of et.
product converges za 12/1 · Note [13 = K !

Es there are more g-analoguesabsolutely
2- Fu fixed 9 ,

with 1911
,
we (Eiglo as This is calmaly a special case of the g-binnial

a function of z is entire is analyticfull Example
&

"discovery" is an thm
, e

zc-C- exercise in 221

Eq(z):=ch

= Eisse using Eule's trick
How to gues Newton'smonial there

Proof : deferred
We show the sun converges for 1E11 (provided 19k1) Finite fam :

Remenks

(+x = E(Y)x"I-

-

= a
Let ti =

Si k= v

↳ in choose in

is k is not a non-negative inlagen ,
we can use I = n !

this to define queting fectorials . (iek = ().
= (-24+) I

K ! (n -1) !
-

k- 1 -

2
.

him (a : 2) = hm Craqi = C1-ak = 15 Fak+ ) 1) When n = 00 1 ,
2

, 3 , --- - = # o may of

9+ 1 9+1 = 0
k+ x choosing K-subset

Su hi Ediclo
becausee - 0

u is not amon-negative integer of anu set

9+ 1 Kai clo
= (l-a)

*

By ratio test , Eth converges when 1711.
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O 9-binomia Thm
But c = 1 (why ?)

(+x) = (i)x
* (2) = 0

Thm
-

k >y Entry1II . 16 .
2

.

Let 19k1 , 111 the So we get las FPS)

LHS makes sense it in is placed by a seel/
a

F(a , b, z) = (20
=↳ ElComplex# -

= Stilli
·

(1+x)9- a exp(y(1+ x)

Prof: (Remanigan) Consider a
= & (n)xk F(c , b,)= = kaa + alz ,

b+ -b/z

= ↳ n(m
-- ( -x +1) xk expand = do + a,

z + az+ ----

=4 ! a FPS in z
k = 1

- 2 a(a (a - 1+1byk (1 - < =) F(a ,
b

, z) = (1-bz) F(a ,
b
, =9)

&

*

-

Immik = p
K ! (1 -<z)(20 +2

,
77 - - -)

= (1 -bt)(k0 + a ,+2+azg -- ) ) where 1911 (for series) an 19k1
= (1 +x)a

compara confficients of z" on both sides ,
> boli products and serie.

the serice courages for IxK1 .

Outline a proof in the exercises. an - aak -1 = qan - bay - qk+ Usually qubinoid theore is written a

&

(1+x)9 = ](-a (
K

an = by
+/

a all
=k = v

= & [ (x - qk 17k1 ,
1911 .

k = v

= (b) a Provided denominators are not 0 .

= - # (Fi()y = 0 only when z = 92 -

= (iii ya) .
- - (1 - b(a)cao -z)(-za)

...

). -
. (1 - 4) Perof (late) .
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Example: Suppose a = g-2 ,
230,

-
(9

-" ((x = (1 -g
- )(1 - y

2 + 1) . - -

-

(1 - ju
+x

+1)↓ = 0 When > M

sum becomes a laminating sum
&

(1 - 2 - z)(1 -[
n+ z) ...

= zi
(1 -zj) k = v

Replacez by zq
n

(1 - z) (1 -=2) . - (1-4) =5
k=

v

Z E
-

Ex

-
9. 1

(1 - z)(: ) -zch =-

Bimoich
There

.

-


